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1. Introduction 

1.1. On a problem. Let C be an open convex acute cone in M" with 
the apex at the origin [1, p. 73] and 6 be a convex continuous positively 
homogeneous function of degree 1 on the closure C of C in M". The pair 
{b, C) determines the closed convex unbounded set 

U{b, C) = G M" : -<^,y>< b{y),Wy e C}, 

not containing a whole line. Note that the interior of the set U {b, C) is not 
empty and coincides with the set 

Vib,C) = {CeR-: -<^,y><b{y),yyeC}, 

and closure of V{b, C) in W is U{b, C). For brevity denote U (6, C) by U and 
V{b, C) by V. 

Let M = (Mfc)^Q be a non- decreasing sequence of numbers such that 
Mo = 1 and 

InMfc 
lim — ; — = +00. 

For m G N and £ > let Gm,e{U) be the space of C°°(t/)-functions / 
with a finite norm 

sup iP"/)Mi(i + iNir 
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Put Gm{U) = Gm,£{U). Thus, Gm{U) is a subclass of the Schwartz 

m=l £>0 

class S{U) of rapidly decreasing functions on U. 

With usual operations of addition and multiplication by complex numbers 
Gm{U) becomes a linear space. The family of norms pm,e defines a locally 
convex topology in Gm{U). Note that if (£m)m=i arbitrary decreasing 
to zero sequence of numbers Sm > then the topology in Gm{U) can be 
defined also by the system of norms 

|(D-/)(x)|(l + ||a;||y 



Pmif) = sup , m e N. 

t\a\ 



Obviously, Gm{U) is continuously embedded in S{U). 

We consider a problem of description of the strong dual space to the 
spaces Gm{U) in terms of the Fourier-Laplace transform of continuous linear 
functionals on Gm{U). 

Detailed consideration of this problem depends on additional conditions 
on the sequence M. J.W. de Roever [2] studied this problem under the 
following assumptions on M: 

1) . M2 < Mfc_iMfe+i, VA; e N; 

2) . 3Hi > 1 3^2 > 1 yk,me Z+ Mk+„, < HiH^+^'MkM, 



oo 



3). > Vm e N y ^ < Am ^' 



■ 

m 



Mk Mm+l 

k=m+l 

In this case the sequence M is not quasianalytic. Also from conditions 1) 
and 3) it follows that there exist numbers hi,h2 > such that 

Mk > hh'^kl, Vfc e Z+. 

The same problem was considered in [3] under more weak restrictions on 
M. Namely, conditions 2) and 3) were replaced with the following conditions: 

2) '. 3Hi > 1 3i/2 > 1 Vfc e Z+ Mk+i < HiH^Mk, 

3) '. 3Qi > 3Q2 > VA; e Z+ Mk > QiQ^k\. 

But the proof of the Palcy- Winer type theorem for ultradistributions was 
given for function b satisfying the following condition: there is a positive 
number r such that if yi, y2 E C and \\y2 — yi\\ < 1 then \b{y2) — b{yi)\ < r. 

In this paper we consider the problem in general case. As in [3] we use 
an approach from B.A. Taylor's paper [4]. 

1.2. Definitions and notations. For u — {ui, . . . ,Um) G R™^(C'"), 
V = (vi, . . . , Vm) G W^{C^) let < u,v >— UiVi + • • • + UjnVm, be the 
Euclidean norm in R'"(C'"). 
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For z e C^, R > let Br{z) be a ball in C"* of a radius R with the 
center at the point z. Let fm(-R) = i^m{^)R'^"^ be a volume of Bji{z). 

If C then Tq = + iVt. If T is a cone in then as usual prF is 
an intersection of F with the unit sphere. 

li^l ^W^ (Vt C C™) then the distance from x e Vt {z e Vt) io the 
boundary of Q, is denoted by An(a;)(An(^)). 

For a locally convex space X let X' be the space of linear continuous 
functionals on X and let X* be the strong dual space. 

For an open set Vt in C" H{Q) is a space of holomorphic functions in fl, 
psh{Q) is a family of plurisubharmonic functions in Q. 

li L — (I//;)^Q is a sequence of numbers > with Lq — 1 such that 

InLfc 
lim ~ +00 

fc->oo /c 

then define a function ojl on [0, oo): ^^(r) = sup In — for r > 0, ^^(O) = 0. 

1.3. Main result. Throughout this article the non-decreasing sequence 
M with Mq — 1 satisfies the following conditions: 

11) . Ml < Mk-iMk+i, ken- 

12) . 3i/i > 1 3i/2 > 1 VA: G Z+ Mfc+i < HiHl^Mk] 
ig). 3Qi > 3Q2 > VA; G Z+ > QiQlA;!. 

Let S{U) be a space of C°°(t/)-functions / such that for each p G Z_|_ 
ll/IU= sup |(D"/)(x)|(l + ||a:||r<oo. 

a;£y,|Q|<p 

Let Sp{U) be a completion of <S'(?7) in the norm || ■ H^^^. Endow <S'(^) with a 
topology of projective limit of spaces Sp{U). Note that S*{U) is topologically 
isomorphic to the space of tempered distributions with support in U [5] . 

If decreasing to zero sequence (Sm)'^^-^ of numbers is chosen then for 
brevity denote lom{j-) by Umir), r > 0. 

For each m G N let 

VUTo) . H(T.) : MM) ^ sup < oo}. 

H,^{Tc) = {F e H(Tc) : ||f |L = sup ^„,„.„,,l^'f| . < 00} , 

where z = x + iy,x E M", y E C. 

Put /f„,M(Tc) = U^=ii/6,„^(Tc), = U^=iH,m(rc). With usual 

operations of addition and multiplication by complex numbers Hi,^m{Tc) and 
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Vb{Tc) are linear spaces. Supply Hb^uiTc) with the topology of 

inductive limit of spaces Ht,^m{Tc) (^^^(Tc)). 

The Fourier- Laplace transform of a functional ^ e S*{U) e G*j^{U)) 
is defined by a formula 



In [3] the following theorem was proved. 

Theorem A. The Fourier- Laplace transform T : S*{U) — )■ H(2c) estab- 
lishes a topological isomorphism between the spaces S*{U) and Vf,{Tc). 

If b{y) = a\\y\\{a > 0) then it is a result of V.S. Vladimirov [1]. 

Let {C£}£>o be a family of open convex subcones of C such that if Si < 82 
then pr C^^ C. prC^^ and U^^qC^ = C. Let Hi,{Tc) be a projective limit of 
the spaces (r^), where for y e C and e > b^{y) — b{y) -\- e\\y\\. Let 
H^{Tc) be a projective limit of the spaces Hj,^{Tc^). 

We have three useful consequences from theorem A. 

Corollary 1. The Fourier- Laplace transform T : S*{U) — )■ Hb{Tc) es- 
tablishes a topological isomorphism between the spaces S*{U) and Hb{Tc). 

Corollary 2. The Fourier- Laplace transform T : S*{U) — )■ H^{Tc) 
establishes a topological isomorphism between the spaces S*{U) and H^{Tc). 

Corollary 3. The spaces Vb{Tc), Hb{Tc) and H^{Tc) coincide. 

The Corollary 2 is known [2]. 

The aim of the paper is to give a full proof of the following theorem. 

Theorem 1. The Fourier-Laplace transform establishes a topological iso- 
morphism between the spaces G\j{U) and Hb^M{Tc)- 

Remcirk 1. The definition of the spaces Gm{U) and Hb^M{Tc) does not 
depend on a choice of the sequence (£m)m=i- we put — ^2^, m G N. 
Thus, ujm{r) = coMiWr), r > 0. 



2. Auxiliary results 



In the proof of theorem 1 the following results will be used. 



Lemma 1. For y E C,m eN let 



9{0 



<e,y>+mln(l + ||e||), CeM'^. 



Then there exists a number d > not depending on y such that 



sup 5^(0 ^ Ky) + dm + 3m In ( 1 + 



Ac(y) 



1 



) 



+ 2mln(l + ||y||). 
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Lemma 1 was proved in [3]. 

Due to a special choice of a sequence (em)m=i following lemma holds 
([6, lemma 2]). 

Lemma 2. For each m,p &N there exists a constant c > such that 
Wm{r) +pln{l + r) < Wm+p{r) + c, r > 0. 
Also we need a theorem of J.W. de Roever [2]. 

Theorem R. Let a n — k dimensional hyperplane in C" be given by 
linear functions 9i = Si{9k+i, . . . ,0n), . . . ,9k = Sfc (6*^+1, . . . , 6'„) or shortly 
w = s{z),w e e C"-^ 

Let Qi C C Q &e pseudoconvex domains in C" such that an e > 0- 
neighborhood of Vli with respect to closed polydiscs in the first k coordinates 
is contained in fl2, i-c-, 

{e = {e^,...,en): -^°| <e,j = i,...,k-e, = ei3 = k+i,..., n- = 

(^?,...,Oel^i}cQ2. 

Furthermore, let f he a plurisubharmonic function on Q and for 9 & D,i 
let (pe{0) = max{ip{9i + ^i,...,9n + ^n ■ < e,j ^ 1, . . . ,k}. 
Finally, let 

n'^{ze C"-'^ : {s{z),z) e Q}, q; ^{ze C"-'= : {s{z),z) e = 1,2. 

And let ip{z) be the function in fl' given by (p{z) = ip{s{z), z), z E fl' . 

Then for a given holomorphic in Q' function f there exists a function F 
holomorphic in Qi such that F{s{z),z) — f{z), z e D,', and for some K > 
depending only on k and Si, . . . ,Sk, 

where \n and Xn-k denote the Lebesgue measure in C" or C"~^, respectively, 
if f is such that the right hand side is finite. F depends besides on f also on 
Q.i,e,(p. 

Lemma 3. Let F he an open convex cone in R" with the apex at the origin. 
Let h he a convex continuous positively homogeneous function of degree 1 on 
F. Then for each e > there exists a constant > such that for yi, 1/2 G F 
satisfying the inequality ||j/2 — < 1 

\hiy2) - h{yi)\ < e\\yi\\ + e\\y2\\ + A^. 

The proof is easy and so it is omitted. 
Let for brevity for z E Tc d{z) = Atc{z). 
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Theorem 2. Let function S e //(C" x Tc) for some m e N on x Tc 
satisfies the inequality 

\Siz, 01 < exp(a;„(||;.||) + b{ImC) + mln(l + ||C||) + mln(l + ^)), 

and S{C, = 0, C^Tc. 

Then there exist functions Si, . . . , Sn & H{C"' x Tc) and a number p e N 
such that: 

n 

a) S{z,0 = J]5,(z,C)(^,- - Q), iz,0 e X Tc; 

i=i 

b) for each e > there exists a number > such that for j = 1, . . . ,n 
and {z, C) e C" X Tc 

|5,(^,C)|<a,exp(a;p(||^||)+6(JmC)+£||/mC||+pln(l + ^)+pln(l + ||C||)). 
Proof. Let for C e Tc,j G N 

^,(0 = 6(/mC) + Jln((l + + IICID), 

for C eTc,zi,...,Zke C, I, k,j eN 

hl,k,j(^l, ...,Zk,0^ + Ci,..., Zk + Ck, Ck+l, Cn)\\) + <^j(C)- 

Functions hi^kj are plurisubharmonic in C'^ x Tc- 

Put L{z,'c) = S{z + C,0, e C", C e Tc. By assumption, 

|L(z,C)| <exp(Vn,m(2;,C)), (^,C)eC"xrc, (1) 

and L(0,C) = 5(C,C) = 0forCGTc. 

We now pass to construction of functions Si,...,Sn- Let Li{zi,C.) = 
L{zi, 0, . . . , 0, C), zi e C, C e Tc; L2{zi, Z2, C) = L{zi, Z2,0,..., 0, C), ^i, 2^2 e 
C, C e Tc; . . . , Ln{z, C) = L{z, C), ^ e C", C e 7b. In view of (1) we have 

\Lk{z,C)\ < exp{h„,^k,m{^,C)), zeC\Ce Tc. (2) 

Since Li{0,Q — \/( & Tc, then the function 

is holomorphic in C x T^. Let us estimate the growth of the function 
If 1^1 1 > 1, then VC e Tc 
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If l^il < 1, then VC e Tc 

\i^?{z,,0\ < max|V'r^(ti,C)| = max|Li(ii,C)|. 
I*il=i l*i|=i 

In view of the inequality (2) we have 

\i^i\zi,C,)\ < exp(max/i^,i,^(ii,C)). 

1*1 1=1 

Recall that for each m e N there exists a number > (see [6], lemma 1 
(in the proof of this lemma only the conditions ii), ^3) are used) such that 

|wm(r2) - uj„,{ri)\ < Km\r2 - ri|, ri, r2 > 0. (3) 

So, using (3) we obtain 

where Ai = e^-^™. In addition Li{zi, Q — 'ijj[^\zi, ()zi everywhere in C x Tc- 
Let for 2i e C, C e Tc 

^«(^i, C) = 2hrn,i,m{zi, C) + (2n + 3) ln(l + \\{z^, C)||). 

Then 

I \4'\z^,C)\'e-^'''^''''^^ rfA,+i(^i,C) < 00. 

CxTc 

Suppose that for k = 2, . . . ,n there are found functions V^j'^"^'' holomorphic 
in C*^-^ X Tc (j = 1, . . . , /c - 1) such that 

k-l 

Lk-i{zi,...,Zk-i,C) = X]^f~^^(^l,•••,^fe-l,C)%• 
i=l 

and for some dk-i G N and for all j = 1, . . . , A; — 1 

Now we use theorem R and notations of this theorem. Let us consider in 
C*^ X C"^ the subspace 

Wk = {(2:1, Z2,..., Zk, C) : ^fe = 0, zi, . . . , Zk-i e C, C e C"} 



of codimension 1. Put D, — D,i — 0,2 — C'^ x Tc- Then 

fi' = {(zi, . . . , C) : (^1, . . . , ^fe-i, 0, C) e X Tc} = C^-^ X Tc. 
So Q'l = = Put 

^^^\z,Q) = 2Vfc,m(^,C) + 4-iln(l + 11(^,011), 
where 2; e C'^, C £ 2c. In this theorem for e we take 1. Let 



Then 



■ ■ ■ > Zk-i, C) = ¥'^''^^1, ■ ■ ■ , 0, C) = 

= 2hm,k^i,m{zi, Zk-1, C) + 4-iln(l + 11(2:1, . . . , 2^-1,011)], 
where zi, . . . , Zk-i G C, C G Tc- In view of (4) 



/ 



\^f''\z, C)\'e-^''H^'0 dXk-i+n{z, 0<oo, j = l,...,k-l. 



^xTc 

By Roever's theorem there exists a function ipj''^ {j = 1, . . . , k — 1) holomor- 
phic in C'^ x Tc such that 

tpf\zi, . ..,Zk-i,0,O = V^f^^H^^i, • • ■,Zk-i,0, zi, . . .,Zk-i e C,C e Tc, 



and for some Kj'' ""^^ > not depending on tpj' 

/ — 9 dXn+kiz, C) < 

< Kf-'' I \i^f-'\z', of e--~'^'(^''^) dX^^k-.{z', 0- 



Using (3) we have 



Now consider the function 

Vk{z, = Lk{z, - V'f ^(^, 0^1 - ■ ■ ■ - i^tlAz, Ozk-1, zeC\C& Tc. 



It is holomorphic in C*^ x T^. Note that 

Since for 2^1, ... , e C, ^ e Vfe(2;i, . . . , -z^-i, 0, Q — 0, then the function 



is holomorphic in x T^. 

Put 7W(^, C) = v'^'Kz, + 81n(l + \\{z, Oil). Obviously, 

/ |V^f(^,C)re-^'''^^'^^^A„+.(^,C)<oo. 

Jck-ix{\zk\>l}xTc 

Let l^fcl < 1. Then for z = (z', Zk) e C^, C e Tc 

IV'f (^',^.,C)r < max|l-,(^',r?,C)r < - / l^.(^',i,C)r ^Ai(t). 
Hence, 

IV^f (y,^„C)|V-''=^(^''^-« < 1 / \V,{z',t,0\'e-^'''^^''^'"0 dX,{t). 

71" 7|t|<2 

Further, 

IV'f (^',^fe,C)|V^^''^(^'^-^) c/A„+,_i(^',C) < 



< - / [ \Vk{z',t,C)\'e-^'''^''''^'^^ d\n+k-i{zX) d\i{t). 

^ J\t\<2 Jc^-ixTc 

Since for z = {z', z^) e C^ C e T^, |-Zfe| < 1, |i| < 2 

17^'^^', ^, C) - ^fc, 01 < 6ir™,_, + 3(4-1 + 8), 

then, putting hk-i — GK^ + 3(4-1 + 8), we have 

/ \^i'\z',z,,0\'e-'^"''^^''''"^^ dK^,.,{z'X) < 

< ^ / /' |y,(^',t,Ore-^^'''(^'*'^) dA„+,_i(z',0 rfAi(i). 

J\t\<2 J&-^xTr: 



Prom here it follows that 

< e^'=- / / \Vu{z',tX)?e-^'"'^''^''^^ d\n+k-i{z',C) dXi{t). 

J\t\<2 JC'-^xTc 

Finally, 

Jc'^xTc 

JC'xTc 

Thus, there are functions Vj''^ e H{C'' xTc) (j = 1, . . . , /c) such that 

k 

Lk{zi,...,Zk,C) = ^i^j{zi,---,ZkX)zj. 

and 

JC'xTc 

Putting dk — dk-i + 8, we have 

/ l^f (^, ^)|2e-(2V..^(^,C)+d,in(i+||(.,c)||)) dX^+kiz, C) < oo, J = 1, . . . , /t. 

li k — n, then we have 

L^{z, C) = L{z, C) = ^i'^Hz, 0^1 + • • • + ^l:\z, Qzn 
and for some rf„ e N for all j = 1, . . . , n 

C,-„ := / |^(n)(^^^)|2g-(2fe„(.,C)+d„In(l+||(.,C)||)) (^A„+fe(^,C) < OO. 

Jc^xTc 

Let us obtain uniform estimates of functions i^^^'' ■ Let (zX) G C" x T,;^. 

Put R = min(l,^^). Let {t,u) e x Tc belongs to the ball Br{{z,C))- 
Then 

\hm,n,m{t,u)-h^^n,m{z,C)\ < \Wm{\\{t+u)\\)-W^{\\{z+C)\\)\ + \(Pm{u)-iPm{0\- 

The first term from the right is estimated as follows (using (3)): 

M\{t + U)\\) - Wm{\\{z + 011)1 < Km{\\t - Z\\ + \\u - C||) < 2K^. 
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Furthermore, 



Wm{u) - ipm{C)\ < Wmu) - b(ImO\ + m\ ln(l + ^) - ln(l + ^)| + 



Note that 



In 1 + 



+m|ln(l + ||u||)-ln(l+||C||)|. 

{l + d(u))d(0 



< 



In 



d{u) 

A{l + d{u)) 



In 1 + 



In 



3(l + d(C)) 



< 



ln(l + M^ 

1 + diO 



{l + d(C))d{u) 

+ 1 < 



< 



< 



d{u) - d{0 



1 + d{0 



Besides that, 



|ln(l + ||u||)-ln(l + ||C||)|<|k-Cll<l- 



By lemma 3 for each e > there is a constant > (not depending on Q 
such that 

\b{Imu) - b{ImC)\ < e\\Imu\\ + e\\ImC\\ + A,. 

So we have 

\b{Imu) - b{ImC)\ < 2£||/mC|| + A, + e. 
Thus, for each £ > and for all uX ^ Tc such that ||w — C|| < -R 

9?77/ 

\Vm{u)-Vm{C)\ <2e\\ImC\\+A, + e + —. 
Let = A + £ + ^ + 2Km. Then for each {t, u) e Br{{z, ()) 

\hm,n,m{t,u) - hm,n,m{z, C)\ < 2£||/mC|| + C^. (5) 

For a plurisubharmonic in C" x Tc function m) p we have 



< 



C"xTc 



{t, U) |2e-(2'^~(*'«)+<^" ln(l+ll(t,«)ll)) dX2n{t, u) X 
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sup (2/ijTl,Tl,m 

(t,«)+ci„ln(l+||(t,u)||)) 
^g(t,-u)6S^((^,C)) <; 

rj . sup (2/lm,n,m 

Using (5) for each £ > we find a constant 6^ > such that 
Thus, for each e > there is a constant > such that 

From here it follows that for each £ > we can find a constant > such 
that 

Let tn — max(d„, 2n),p — m + tn- Then, by lemma 2 for each £ > we find 
a constant > such that 

Put Sj{z, C) = V - CO- Then 5,- e i/(C" x 7b), 

n 

S(z, O^Yl ^^■(^' - 0), zeC^Ce Tc, 
and for each £ > and for all {z, C) e C" x Tc 

|5,(z,C)| <a,exp(a;p(||2:||)+6(/mC)+£||/mC||+pln(l + ^)+pln(l + ||C||)). 

3. Proof of theorem 1 

Let 

Cm{U) = {/ e C{U) : pmif) = sup + < oo}, m e N. 

By standard scheme ([4, Propositions 2.10, 2.11, Corollary 2.12]) one can 
prove the following lemma. 
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Lemma 4. Let T e G'j^{U) and numbers c > 0, m e N &e such that 

\{TJ)\<cpm{f), feGMiU). 
Then there exist functionals G C'^{U) (a & such that 

\{Ta,f)\<%^ , feC^iU), 
and (T, f)^J2 ^"/)' / ^ ^^(^)- 

|a|>0 

Lemma 5. Let S G G'm{U). Then S G Hb,M{Tc). 

Proof. First note that for each z = x + iy & Tc {x & G C) the 

function fz{0 — e*^^'^^ belongs to Gm{U). Indeed, for each m G N 

lUll'"' ^<„^^^lr,n4-ll;^in Wm(|k||)+sup(-<C,y>+mln(l+||^||)) 

< sup ^ supe-<^'2'>+"^i°(^+ll«ll) = e 

Using lemma 1 and 2, we get 

< Ae''(^)+--(ll^ll) (^1 + ^^)'" , (6) 

where A = e"*™ doesn't depend on 2; G T^. 

Now let S G G'j^{U). It is clear that 5* is correctly defined on Tc- Using 
lemmas 1 and 4, condition 23) it is easy to see that S G H{Tc). 

Since there exist numbers m G N and c > such that 

|(^,/)| <cp^(/), /gGmI^/), 
then (using (6)) we obtain 



\S(z)\ < cAe''(^)+'^3^(ll^ll) ( 1 + — 



3m 



Thus, S G Hi,^m{Tc) and lemma is proved. 

Obviously, for each m G N the embeddings : Hb^m{Tc) — > Hi,jn+i{Tc) 
are completely continuous. Consequently, Hb,M{Tc) is an (LA^*)-space. 



13 



Proof of theorem 1. By lemma 5 the hnear mapping L : S e G\j{U) — > 
S acts from G*m{U) into Hi,^m{Tc)- 

Before showing the coninuity of L, note that the topology of the space 
G\j{U) can be described as follows. Let for each A; e N 

Wk^ife Gm{U) : PkU) < 1}, 

={Fe G'^iU) : < 1, V/ e Wk}. 

Let Ek=\j (aW^fc). Endow with the norm 

a>0 

qk{F)= sup FeEk. 

Note that G'j^{U) = E^,. Define in G'^iU) the topology A of the in- 
ductive limit of spaces E^. Since Gm{U) is an (M*)-space then Gm{U) is 
Montel space (and hence reflexive). But then the strong topology in G'j^{U) 
coincides with the topology A [7, p. 699-700]. 
Now let S eE^, men. Then 

\{SJ)\<qm{S), yfeWm. 

Hence, 

\{SJ)\<qm{S)Pm{f). f^GuiU). 

Prom here and (6) we obtain 

/ -1 \ 3m 

1^(^)1 < qm{S)Ae'^y^^^^-^\\^\\^ M + ^-^j , 

where a constant A > doesn't depend on 2; e Tc- Hence, 

\\S\\,^<Aq^{S), 5e£;^(m = l,2,...), 

and, consequently, L is continuous. 
Now let us prove that L is bijective. 

We first show that L is surjective. Let F e Hb,M{Tc). That is, F e H{Tc) 
and for some c > 0, m e N 



Note that ior z = x -\- iy & Tc d{z) = Ac{y)- Hence, from (7) we have 

/ |i7^(^)|2e-2(%)+-^(l|.||)+-ln(l+^)+(n+l)ln(l+||.|P)) ^^^^^^ ^ ^_ 

Jtc 
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Let K — M." X C. Put in theorem R (with the replacement of n with 2n) 

Q = = = M^" + iK. Note that n = = ^2 = x Tc. Since K is & 
convex domain in R^" then M^" + iK is a domain of holomorphy. As a hnear 
subspace in this theorem consider 

in C^" of complex dimension n. Then 

q' = q; = = e C" : e Q = C" X Tc} = T^. 
In theorem R as e we take 1 and as ip we take the function 

^(z, = 2(6(7mO + a;^(||^||) + mln(l + -±-^) + (n + l) ln(l + \\(z, Of)), 

where ^ = x + e C", ,^ e 7b- Note that (p e ps/i(C" x Tc) and 

^(z) = 2(%) + uMl) + m ln(l + + (n + 1) ln(l + 2||2;||')), z e Tc- 

In view of (8) 

f \F{z)f e-^^'^ dXn{z) <oo. 

Jtc 

By Roever's theorem there exists a function $ e i7(C" x Tc) such that 
2;) = for z eTc and for some B > 

JC"xTc (1+ II Oil ) 

Here 

|tl|<l,...,|tn|<l 

Using (3) and an inequality 

I ln(l + x\) — ln(l + x\)\ < 1^2 — Xij, Xi, ^2 e R, 

we obtain in C" x Tc 1931(2;, ^ — (/7(2;,0| < cq, where cq is some positive 
constant depending on m. So, 



/C"x 



|$(2,0l^e-^(^'^) 

|2\3n 



c?A2n(^,0 < Be^ f |F(z)|'e-^(^) dA„(z). 



Tc (1+ II (^,e)IIT" -/tc 
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The right side of this inequahty denote hy Bp- For brevity put 

hm{z,0 = 2{b{ImO+uJm{\\z\\)+m\n{l + ^)), {z,0 e C" x Tc- 

Let us now obtain uniform estimates on $ using plurisubharmonicity of 
in C" X Tc. Let G C" x Tc and i? = min(l, Note that 

if {t,u) e C" X belongs to the ball Bji((z,^)) then taking into account 
that: 

1) . for each £ > there exists a constant (by lemma 3) such that 

\b{Imu) — b{Im^)\ < £\\Imu\\ + £||/m^|| + 
and, consequently, 

\b{Imu) - b{Imi)\ < 2£||/m,^|| + A^ + e; 

2) . 

|ln(l + ||(^,«)||^)-ln(l + ||(^,Oll')l<l; 

3) . 

4) . by inequality (3) 

\0Om{\\t\\) - UJmi\\z\\)\ < Krr, 

and putting = 1A^ + 2s + ^ + IK^ + 5n + 2, we obtain for each e > 

I h^{t, u) + (5n + 2) ln(l ^\\{t,u)f)- h^{z, i) - (5n + 2) ln(l + ||(^, ,e) II') I < 

<2e||/me|| + S,. 

Furthermore, for plurisubharmonic in C"^ x Tc function u)p we have 

\^{z,i)f<^— [ mt,u)\UX2nit,u) < 

< f |$(^^„)|2g-(/..(t,«)+(5n+2)ln(l+||(t,«)f)) dX2n{t,u)x 

sup {hm{t,u)+{bn+-2) ln(l+||(t,u)||2)) 

^g(t,«)ei3^((2,C)) < 



< -. 

- 4 
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< ^hm(z,a+(5n+2) ln{l+\\{z,m^)+2e\\Im^\\+B, 

Prom here it follows that for each £ > there is a constant ci = ci(£) > 
such that for {z, ^) e x Tc 

Since $(2;,^) is an entire function of then expanding ^{z,^) in powers of 
z we have 

\a\>Q 

By the Cauchy formula for arbitrary a e Z" , i? > 

CaiC) — -, ^ / • • • / , -I ^ dZ\ . . . dZn- 



n 



Prom here it follows that e H{Tc). Using (9) we have for ^eTc 

Ci((l + ^R){1 + ||^||))5n+2e6(ima+ell/m€||+^„(v^fl)(l ^ 
|Ca(OI < ■ 

Using lemma 2 we find a constant C2 = C2(£) > such that for each i? > 
and ^ e Tc 

Since 

inf — — = — — , k = 0,1, . . . , 
R>o Mk ' ' ' 

then for each a e Z!J:, ^ G and for each e > 

^ ^h(Imi)+e\\Im£,\\ ^ II _ IU5 +2 1 ^^ "^+2n 



So, for each a G Z" and for each e > Cq, G Hi,^{Tc) and, consequently, 
Cq, G Hb{Tc). According to the Corollary 3 for each a G Z" Cq, G Vft(Tc). 
By theorem 1 there exist functionals Sa G S*{U) such that S'q = Cq. 

Prom the previous inequality also it follows that for each e > the set 

{M|„| ^ ^"'+^+2 j " Cajaez!^ is bounded in Vb,{Tc). Hence, it is bounded in 
Hb{Tc). Since by Corollary 3 Hb{Tc) = H(Tc), then this set is bounded in 
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Vb{Tc). In view of topological isomorphism between the spaces S*{U) and 

Vb{Tc) the set A = {M|„| (^'^'^t^)'"' Sajaez^ is bounded in S*{U). Hence, 
it is weakly bounded. By Schwartz theorem [1] there exist numbers C3 > 
and p eN such that 

\iFJ)\<cM^^^, FeA, feS{U). 

So, for all aeZU e S{U) 

Define the functional T on Gm{U) by the rule: 



l(S„./)|<C3(-^)°Mfe. (10) 



(T, /) = J] / e GmIC/). (11) 

|a|>0 

It is correctly defined. Using (10) we have for all / e Gm{U), a e Z" , s e N 
\{So.,Dy)\<cJ-^\'^^ ^ sup \{D-+f^f){x)\{l + \\x\\f< 

<r ^^^V"' 1 P.(M"'^'"'M|.h,|(1 + 11x11)^ 
— '"3 I ) — 7i n — irl ■ 

It is easy to check that 
So for s > p 



-n— sup , II 



Ml 



< C3 f H?p.{f)s<MHr = C3iff «r (^^^) p.(f). 

\^m+5n+2 / \ ^m+5n+2 / 

Choose s so that ^^""^^ = Qs < 1. Then for each f e GmIU), a G 

|(5«,D'^/)| <C44'^lp,(/), 

2 

where C4 = csi/fi/f . From here it follows that the series in (11) converges 
and 

\{T,f)\<^^^Ps{f), feCMiU). 
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Hence, the linear functional T is correctly defined and continuous. Besides 
that f = F. Indeed, 

|«|<0 |a|<0 
|a|<0 |a|<0 

Thus, L is surjective. 

Now let us show that L is injective. Let for T G G'j^^{U) T = 0. We 
will show that T is a zero functional. There exist numbers m G N and c > 
such that 

\{TJ)\<cpm{f), feGM{U). 
By lemma 4 there exist functionals G C'^{U) {a G ) such that 

(r,/)= J](r,,i^"/), /GGM(t/), 

and 

\{To..g)\ < ^^Pm{g), 9 e Cm{U). (12) 

Hence, 

Let = il"l(Ta,e^<^'^>). Obviously K G Using (12) and 

lemma 1, we obtain 

/ -I \ 3m 

where /x^ > is some constant independent oi z — x -\- iy & Tc- Let 

S{u,z) = J2 ^a(^)M", ^ G Tc,« G C". 
|a|>0 

Using (13) we obtain 

II II |a| / 1 \ 3m 
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Note that 

|a|>0 

Then by theorem 2 there exist functions Si^ . . . , Sn £ -H"(C" x Tc) and a 
number p e N such that 

n 

S{z, C) = ^ S,{z, Oizj - Q), zeC\Ce Tc, 

and for each e > there exists a number > such that for j — 1, . . . , n 

and for {z, C) G x Tc 

1^,(^,01 < a, expK(||^||) + 6(/mC)+s||/mC||+pln(l + ^)+pln(l + ||C||)). 
Further, we expand 5^ in powers of z: 

|a|>0 

Prom the last inequahty we have 

max \Sj{z,Q\ 
^ .^^ a,expK(v/^i?))e(^(^"^^)+^ll^"^^ll+^^'^(^+^)+^^"(^+ll^ll» _ 



il>0 



= a£exp(6(/mC)+£||/mC||+pln 1 + — — +pln(l + ||C||)) inf 



a,exp((6(JmC)+£||/mC||+pln(^l + ^)+pln(l+||C||))^(^) 
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Choose k eN so that ek^/n < Sp. Then for ( E Tc 

a,exp(6(/mC) +£||/mC|| + p\n{l + ^) +pln(l + ||C||)) 



l^.-,a(C)l < 



Thus, for all q; e Z!J:, j = 1, . . . ,n and for each e > Sj^a e 
According to the corollary 3 of the theorems 1 Sj^a ^ VbiTc) for each 
a G = l,...,n. Since the Fourier-Laplace transform establishes a 

topological isomorphism between the spaces S*{U) and Vb{Tc), then there 
exist functionals ipj,a G S*{U) such that 'i/'j,a = 'Sj,a. Prom the last inequality 
it follows that the set {Sj^a^^^^ M\a\}aezi is bounded in each space ^4^(7^)- 
But then it is bounded in Hfj{Tc). Now by Corollary 3 of the theorems 1 

this set is bounded in Vb{Tc). Then the set \& = {^^^^ M\a\'4^j^a}a&'i,j=i,...,n is 
bounded in S*{U). And then it is weakly bounded in S*{U). By Schwartz 
theorem [1] there exist numbers C4 > and p G N such that 

\{F,ip)\<c4M\\p,u, i^e*, <peS{U). 

Thus, Vj = yaeZl 

l(*.>,/)l<^^ll/IU /e^(f/)- (14) 

For j = 1, .... n and a G Z" with at least one negative component let "^j^a 
be a zero functional from S*{U) and Sj^a{z) = 0, V2; G C". Then 

n n 

j=l j=l |a|>0 

n n 

= E E ^^•.'^(o^r ■ ■ ■ z;^^' ■ ■ ■ - E E sjAc)z% = 

i=l |a|>0 J=l |a|>0 

n 

= E E ('5„(a„...,a,-l,...,a„)(C) " SjAOQ)z", Z E , ( e Tc- 
j=l \a\>0 

Since 

S{z,C) = E ^"(0^", VC G Tc, ^ G C", 

|a|>0 

we have Va G Z" 

n 

^«(C) = E('^-?'("i'-'"i-i'-'"")(^) ~ 'S'j,a(C)0)- 
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The expression on the right can be represented as 

That is, the right side is the Fourier- Laplace of a functional acting by the 
rule 

/ e S{U) ^ J](^',,(a„...,a,_„...,a„), /) + ^(*,,a, (^/)). 
3=1 

This means that 



{T^J) = (-Z)H (^/)) + (*,,(ai,...,a,_„...,a„),/)). 

j=l 



Thus, for f eGniU) 



\a\>0 



|a|>0 j=l '^■^ 

For arbitrary N eN and j = 1, . . . , n) let us define the sets 

5iv = {« = (ai, . . . , ttn) e Z'' : ai < AT, . . . , < AT}, 

Rnj ^ {ai < N, . . . ,aj ^ N, . . . ,an < N,a e Z^j:} 
and a functional on Gm{U) by the rule 

Then (T, /) = lim {T^, f), f e Gm{U). 
From the representation 
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we obtain that for fixed j e {1, . . . ,n} terms corresponding to the multi- index 
a with «! < N, . . . ,aj < — 1, . . . , < N and the terms corresponding 
to he multi- index /3 = (/3i, = a„ with j3i = ai, . . . , f3j — aj + 
1, . . . , = O-n mutuaUy vanishes each other. From this we have 

j=l aeRN,j ■' 

Further, taking into account (14), V/ e Gm{U) 

j=l oGRnj 



Choose natural s > A; so that q = -^-^ — < 1. Then V/ G Gm{U) 



■p+i 



i(^-/)i^E E ^ps{f) sup ^lyj;'^^ < 
^ E E ^^ps{f)e\:\ sup i+i-i-^)(|-i+^)M|.| < 

<E E c,ps{f)('fHrY Hr^Hr^'^ < 

< c,Hr'Ht'^'Mf)nq'^{N+ir-\ 

From here it follows that (Tjv, /) at N ^ oo, V/ e Gm{U). Hence 
(T, /) = 0, V/ G Gm{U). So, T is a zero functional. 

By the open mapping [8], [9] is continuous. Thus, L is a topological 
isomorphism. 

Remcirk 2. In the situation considered by Roever from his results [2, 
theorems 2.21.ii, 2.24.ii] it follows that G\j{U) is topologically isomorphic to 
the projective limit of spaces Rce,e ({C'e} is a family of compact subcones in 
cone C, £ > 0), where Rce,e is an inductive limit of spaces 

= {F G H{Tc) : \\F\P^ = sup < oo} , m G N. 
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